SOME IDENTITIES INVOLVING ASSOCIATED SEQUENCES OF 
SPECIAL POLYNOMIALS 



TAEKYUN KIMi AND DAE SAN KIM^ 



Abstract. In this paper, we study some properties of associated sequences 
of special polynomials. Prom the properties of associated sequences of polyno- 
mials, we derive some interesting identities of special polynomials. 

1. Introduction 

For r € R, the Bernoulli polynomials of order r are defined by the generating 
function to be 

/ f \^ °° fn 

-T^ = E {r e K), (see [12,13,14,18,21]). (1.1) 

In the special case, a; = 0, Bn (0) = Bn are called the n-th Bernoulli numbers of 
order r. It is also well known that the Euler polynomials of order r are defined by 
the generating function to be 

(tTt] e'* = E^"''^(^)^' ('^eR), (see [9,10,11,19,20]). (1.2) 

^ ^ n— 

Let x = 0. Then Ei^\o) = E^n'^ are called the n-th Euler numbers of order r. 
Let F be the set of all formal power series in the variable t over C with 



I fe=0 



flfcGCL (1.3) 



Let P be the algebra of polynomials in the variable x over C and P* be the vector 
space of all linear functionals on P. The action of the linear functional L on a 
polynomial p{x) is defined by {L \ p{x)) and the vector space structure on P* is 
derived by (L + M\p[x)) — {L\p{x)) + {M\p{x)), {cL\p{x)) = c {L\p{x)), where c is 
a complex constant. 

For f{t) = J2kLo it^*^ ^ define a linear functional on P by setting 

{f{t)\x^) = a„, (71 > 0), (see [3,8,17]). (1.4) 
By (fOI and (fOl) . we get 

(t'^lx^') = n\Sn,k, (n, k > 0), (see [4,5,7,10,17,18]), (1.5) 
where 5n,k is the Kronecker symbol. 

Let Mt) = EZo ^^t"- Then, by (ESI, we get {fLit)\x^) = {L\x^)- So, we 
see that fbixt) = L. The map L i-^ fhit) is a vector space isomorphism from P* 
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onto T . Henceforth, J- is thought of as both a formal power series and a hnear 
functional (see [H |6l HI [171 [18] ) . We call T the unibral algebra. The umbral calculus 
is the study of umbral algebra (see [U [TU1IT7] ). 

The order o{f{t)) of the non-zero power series f{t) is the smallest integer k for 
which the coefficient oit'' does not vanish. If o{f{t)) = 1, then f{t) is called a delta 
series and if o{f{t)) — 0, then f{t) is called an invertihle series. Let o{f{t)) — 1 and 
o{g{t)) = 0. Then there exists a unique sequence S'„(a;) of polynomials such that 
(^g{t)f{t)''\Sn{x)) — n\5n,k where n,k > Q. The sequence 5„(a;) is called Shejfer 
sequence for {g(t), f{t)), which is denoted by 5„(x) ~ {g{t), f{t)). If Sn{x) ~ 
(1, / (t)), then Sn{x) is called the associated sequence for f{t). By (|1.5p . we see that 
{ey'\p{x)) ^p{y). 

Let f{t) e F and p(a;) G P. Then we have 

m - E ^-^^f^i'^ Pi-) - E (see [10,17]), (1.6) 

fc=o ■ fc=0 

and 

(/l(t)/2(i)---/™(i)l^")= E (■ ■ ]{Mt)\-'')---{fmit)\x^^), 

'ilH h^m— n 

(1.7) 

where /i(t), /2(i), • • • , /„(t) € J^, (see gj [TU] [T7]). From (HU, we have 

pW(0) = (i^b(a;)) , (l |p«(x) ) = pW(0). (1.8) 
Thus, by ([TH]), we get 

t>^p{x) = p('=)(x) = (fc > 0), (see [17]). (1.9) 

For Sn{x) ^ {g{t), f{t)), we have the following equations: 



and 



Sn{x + y) = ^ i^jPkiy)Sn-k{x), where pfe(y) = 5(i)5'fe(y), (1.10) 



E f"'- all y e C (see [10,15,16,17,18]), (1.11) 

where f{t) is the compositional inverse of f{t). 

Let Pn{x) ~ (l,/(t)) and qn{x) ~ (l,g(<)). Then the transfer formula for asso- 
ciated sequence implies that, for n G N, 

qnix) = X (^^^ x-'p,,{x), (see [11,17,22]). (1.12) 

Now we introduce several important sequences which are used to derive our results 
in this paper (see [TOl fTT] [TT] ) : 
(The Poisson-Charlier sequences) 

C„{x; a) = E U (-l)"-'«^'(a:)fc ~ [e^<^''-'\a{e' - 1)) , 

k=0 ^ ^ 
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where a ^ 0, (x)„ = x{x — I) ■ ■ ■ {x — n + 1), 

Cnik; a)Tj e-* - ^ ) , (a 0), n e N U {0}, (1.13) 
fc=o ■ \ / 

(The Abel sequences) 

A,,{x;b)^x{x^bnr~^ ^{l,te''), (6^0), (1.14) 
(The Mittag-LefHer sequences) 



n\ , ^i., . e — 1 



^"(^) = E J - l)-fe2'=(x)fe ^ 1, ^— , (1.15) 
(The exponential sequences) 

n 

0„(x) = ^ 52(n, fc)a;'= ^ (1, log(l + t)) , (1.16) 



fc=0 



and 

(The Laguerre sequences) 



fc=i 



In this paper, we study some properties of associated sequences of special poly- 
nomials. From the properties of associated sequences of specials polynomials, we 
derive some interesting identities involving associated sequences of special polyno- 
mials. 



2. Associated sequences of special polynomials. 
As is well known, the Bessel differential equation is given by 

x'^y" + 2{x + l)y' + n{n -f l)y = 0, (see [1,2]). (2.1) 

From (12.11). we have the solution of (12.11) as follows: 



fe=o ^ ' 

Let us consider the following associated sequences: 

Pn{x) ^ ("l, t - ^ V x" ^ (1, i), (see [1,2,10,17]). (2.3) 



4 



TAEKYUN KIM^ AND DAE SAN KIM^ 



From ([LT2I) and (|2?3| . for n e N, we have 



2 , 



fc=0 



,-1 



- 



a;' 



^ ^ (n + fc-1)! /I 
~^^A:!(n-l-A;)! U 



(n- fc)!(fc- 1)! V2 



fc=i 

By ((221) and ([231), we get 

Pnix) = x"y„_i ^ (^1, t - (2.5) 

From (jl.lip and (|2.5D . we can derive the following generating function of pn(^): 

E^'^(-)^ = ^^^"^""^'^' (2-6) 

and, by (jl.lOp . we get 

(;^) = E (^) ..-.-1 (^) . (2.7) 

By p:T^ and (gS]), we get 

(t-'-Y /t-2\" 

x''=x\-^^ \ X~^Vn(x)^x[—^\ X^^pnix). (2.8) 

Thus, by (frT3| . ([2:41) and ([211), we get 

(-l)"a;"-i - ( ^ ) 2;- V«(^) = E C„(fc; 2)-e-* (x" V(x)) 



^ fc=0 
n— 1 J, 

= E^"(^;2)-(x-l)-V,(a--l) 



i-i-fc 



fc=0 l = k+l ^ ''^ '' ^ / \ / 

^f^o .0 V ^ )im + k)Kn-m-k-iy.[2) ^ 

(2.9) 
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From p.Sp . we have 



/„\ (2n-m-fc-2)!(-l)" / 1 \ 



n— 1 [' 71—7 



(2.10) 



k J m\{n — m — k — 1)\ 



m=0 k fc=0 

Therefore, by (|2.9p and (|2.10p . we obtain the fonowing theorem. 
Theorem 2.1. For n € N, we /laue 

n-l /mA-k\ (9n-m-k-^9V /,\ n-m-k-l 

^ C7„(fc;2)^™ + ^^ m /c 2). ^ 

Moreover, 



, k J (m + k)l(n-m-k-l)\ \2 



— - /ly— (n^ i2n-m-k-2y. 

^ ^ ^ \kj m\in-m- k-iy. 

where < m < n — 2. 

Let us consider the fohowing associated sequences: 

Pnix) - (l, te^^'^'-i)) , c 7^ 0, An{x; b) ^ x{x - bn)"-^ - (1, te*"*) , M 0. (2.11) 

By (frT2l) and ((2TI|) . we get 

^^"(-)=-b^ ,-V = ,^lZ^(e*-l)V-\ (2.12) 

We recaU that Newton's difference operator A is defined by Af{x) = f{x+l) — f{x). 
For n S N, we easily see that 



fc=0 



By (|2l3| . we get 



(e* - l)'=p(x) = ^ (^) (-l)'^-'eV^) ^ ^ (^) (-1)'- V(x + = A Vx). 

1=0 ^ ^ 1=0 ^ ^ 

(2.14) 

In particular, if we take p(x) — x" ^, then we have 

(e* - l)'=x"-i = ^ {^l)''-^ix+jr-\ (2.15) 



6 



TAEKYUN KIM^ AND DAE SAN KIM^ 



From ([232]) and (|2?T5l) . we have 

n— 1 k 



Therefore, by (|2.16p . we obtain the foUowing lemma. 

Lemma 2.2. For c ^ anrf n e N, let Pn{x) ^ ^1, ie'^^'^'^^^^ . Then we have 

From the definition of Abel sequences and p. lip , we note that 
An{x;b) ^ x{x - bny- ^xl — — — x p„(x) 



= X \ e 



where an'^^(x) ~ ((1 — t)~^,log(l — i)) is the actuarial polynomial with the gener- 
ating function given by 

By Lemma O and (PTTl) . we get 

An{x; b) 



E E_ (,,:,,>lrV.,...»r(-.,S' 



^ m=0 li H hi„=m 



X 



[£i:»)!C:)(^..,) 

I /c=0 J=0 



ri-1 



-x 



^ m J \li, . . . ,ln/ \i J \ ^ I V fc! 



(2.18) 



Therefore, by (|2.18p . we obtain the following theorem. 
Theorem 2.3. For n>l,b^O,c^O,we have 
A„{x;b) 



m=Oli-\ h/„=mfe=Oj=0 ^ 

For (PTT)) . we note that 



n— 1 — m 



(2.19) 



ASSOCIATED SEQUENCES OF SPECIAL POLYNOMIALS 7 

By (|1.16|) and Lemma 12.21 we easily see that the generating function of exponential 
sequences is given by 

=e-(^'-i). (2.20) 

From (I2J9)) and (EJO]), we have 
Anix-b) 

t T. (,,.'".jfn*'.w]sl(-»'>rv»(-..*) 

, m=0;i + ---+i„=m ^ ^' ' \j = l ] ) 

^ \ / TT ^ ^ X V-^ V- (-1)^ M'= (k 



,li,...,l„J \ ' I m\ ^-^ ^-^ kl 

m=0(iH hi„=m ^ ' \i=l / fe=Oj=0 



X 



(2.21) 

Therefore, by (|2.2ip . we obtain the following corollary. 
Corollary 2.4. For n>l,by^O,c^O,we have 
Ai{x; b) 



71— m — 1 



n — m— 1 



Note that a;" - {l,t). By ([1121) . (|T^ and ([LTTI) . we get 

i:„(a;) = X ^-J-^ x-^x" = x(i - l)"a;"-i 

(n— 1 ,/j \ n— 1 .fc 

5] C„(fc; l)^e-* =xY, Cn{k; 1)^(.t - 1)' 

k=0 ' / fc=0 

n — 1 / \ n— 1 / 

' n — 1\ , , ,„ 1 I. / n — 1 



= x^C7„(fc;l) ^ (x-l)"-i-^- = x^ ^ C„(n-l-fc;l)(x-l) 

(2.22) 

Therefore, by (|2.22p . we obtain the following theorem. 
Theorem 2.5. For n > 1, we have 

L„(x)=a;^r \c^{n-\~k-\){x-\f. 



k 



k=0 



Mott considered the associated sequences for f{t) = jz^- That is, the Mott 
sequence is given by 



(2.23) 
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From (|2.23p . we note that the generating function of Mott sequences is given by 



k=0 



X 



By (dH]), ([TTTl) and (P?^ . we get 



t 



Sn{x) = X x ^L„(-a:) = x ( — ) a; ^i„(-a;) 



t- 1 
2" 



kl 

Kk=0 



k=0 

ri-1 1 " / l\ I 

= 2-".5:c„(fc;4E(rij7^'^(^-^)'" 
fc=o ■ /=i ^ ^ ■ 

_ n! ^ /n - 1\ // - 1\ C„(fc; 1) iW-i-fe 



2' 

fc=o 1=1 



Thus, by (|2.24l) . we obtain the fohowing lemma. 

Lemma 2.6. For n e N, let 5„(x) ^ jE^^ • Then we have 

As is known, we have 



(2.24) 



xB^Kx) ^ l^l,t j , - (^^j j , (2.25) 

where a,b are positive integers (see [lOl [Til [17] ) ■ For n > 1, by (|1.12p and (|2.25p . 

we get 



+ 1 \ / - 1 \ „(q„) 



(2.26) 

Thus, by ([2^, we get 

- (2.27) 
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bn ' 

shn j^{bn)^^-^ ^ ^-bn sr^ 1 OH 
k=0 

bn 



LHS of = 2-''" (e* + ly^E^^^lix) = 2-''"^ 

(2.28) 



RHS of - ( ^ j (o")! ^ 52(^, (2:) 

/—an 



n-1 . .| 
(=0 

n-l 



(/ + an) 

(2.29) 



where 6*2 (t^, fc) is the Stirhng number of the second kind. Therefore, by (j2.28p and 
(j2.29p . we obtain the foUowing theorem. 

Theorem 2.7. For n>l, a, & eNU {0}, we have 

" ^^;)ei(x+fc)=2-(n-i)!x: 

The Pidduck sequences is given by 



From (|2.30p . we can derive the generating function of the Pidduck sequences as 
foUows: 

E^^(-)|T-(l-rM^ . (2.31) 
fc=o ■ ^ ^ 

Let Sn{x) - (1, J^) . Then, from (fH^ . (fTTS]) and (f230l) . we have 



e' + l 



= 2"a; ( ) x-i5„(x). 



(2.32) 



By (|1.12p . we easily get 



2t \ 



2-"x5: r e^\."- = 2-".;^ r (-+,r-^ 



(2.33) 
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From ([232]) and ([2331) . we have 



M„(x) = 2"a; 



By ((O^ and we get 



= i(e* + l)M„(a;) = i(e* + 1) ("^xSt^la; + j) 



(2.34) 



^ |e ((, ! i) + 1) + 4-1 +j) + + 1)4-1 +«+!)+ ^4-\(^) 

r§{("r)-G"i)}^-'-'-^'^ 



Therefore, by (|2.35p . we obtain the foUowing theorem. 
Theorem 2.8. For n > 1, we have 

n+l 



(2.35) 



Let us consider the following two associated sequences: 



For n > 1, by (ITTT^ . we get 



5„(x)=x^ x-iM„(a;) 

V e*+l / 



(2.37) 
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By (|234l) and (fOTj) . we get 



1 °° 

Sn{x) = 2-"x-n!^52(Z,n)-x-iM„(x) 

l—n 



n— 1 , 



(2.38) 



z=o i=o ^ ' ^ I 
Therefore, by (|2.33p and (|2.36p . we obtain the followmg theorem. 
Theorem 2.9. For n > 1, we have 

E [j + ^) - - 1)! E E (^4-n)!(n-^-l)! ^"-^-'^" + 
j=o ^-^ ^ 1=0 j=o ^ ' ^ V ^ 

Moreover, 

j=o ^-^ ^ 1=0 j=o ^ ' ^ V ^ 

By pTTS]) . we get 

n ^ ^ fc — 1 

x-iM„(x) =^ (^j(n-l)„_fc2*=^5i(fc-l,j)(x-ir, (2.39) 

where Si{k,j) is the Stirhng number of the first kind. From (12.38^ and (I2.39|) . we 
can derive 

n— 1 I 

n— 1 I 71 / K k—1 

= 2""^ E JlTn^M + ^)*' E (fc) - E - 1' ~ 

j=0 /=0 fc=j + l ^ ^ ^ ^ 

(2.40) 

Therefore, by p.33p and p.40p . we obtain the following theorem. 
Theorem 2.10. For n > 1, we have 

j=0 ^ j=0 1=0 k=j+l ^ ' ^ ^ " ' 
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Remark. From (|2.34p . we note that 

x-'M^{x)=J2(l)ix + k-l)n-i. (2.41) 



k=0 

By (|238| and I^A^i . we get 

71—1 I 

I -\- n )' 



[i + ny. 



i=0 
n-1 



i=0 ^ ' \fc=0 



2 ^-^-^^ (j)z(a; + fc-lV 



(2.42) 



(/ + n)!(7-0! 
So, by (p:^ and (PTi^ . we get 

(2.43) 

The Narumi polynomials n'^i'^ {x) of order a is defined by the generating function 
to be 

t^t^^('^^^^)\l^tr. (2.44) 
fc=o ■ V * / 

Thus, from (|2.44p . we see that 

Ni^\x) ^ ((^) - , (see [17,18]). (2.45) 

In the special case, x = 0, Njf'\o) = iV^"'' are called the k-th Narumi numbers of 

order a. If a = 1 in (|2.45p . then we will write Nn{x) and Nn for N^\x) and Nn'' ■ 
By (frT2l) and (|n6)) . we get 

E fc, ^ p =^E^^("-l)^^ (2.46) 
\fe=o ■ / fc=0 



fc=0 ^ ^ fe=l 



n-1 

,fc- 1, 

Therefore, by (|1.16p and (|2.46p . we obtain the following lemma. 
Lemma 2.11. For n,k G N with k < n, we have 
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By (frT2l) . ([LTel and (fTTTl) . we get 

'^"^^)^K (l + ^)log(l+t) ) -"'^"(-^) 

(=1 ^ ' 



log(l + <) 



^iV(-")(-n) A " /n~l\n! 



a; 



„i-i-fc 



fc=0 ;=A;+1 ^ ^ 

n-1 n /Ti-lWi-lN 

^fc '{-n)x 

k=0 l=k+l 



/ n-1 Wfc+m-l\ 



n— 1 n — A: / n— 1 \ /fc+m — 1 
m-ll \ 

(k + m) 
fe=0 m=l ^ ' 

n ( n—ra ( n—1 \ fk+ni—1 



/ n-1 \/k+m-l\ ^ 
m=l L fc=0 V ' ^ J 



From ([TTTC)) and (PTfl) . we have 

n — rn / n—1 \ /fc+m— 1\ 

52(n,m) = n! E ,7^:^ ^ ^"^(-"). (2-48) 

[k + my. 

where 1 < m < n. 

Therefore, by Lemma [2. Ill and p.48p . we obtain the fohowing theorem. 
Theorem 2.12. For m,n £N with m <n, we have 

^ n — 'm I n — 1 Wfc+m — 1\ 



It is weh known that 



fc=0 



=E^r"^'^(^)Ty' (^^^ [17]). (2.49) 



,iog(i+i); ^ ' ' 'k\ 

Thus, by ((2^ and ((2:49l) . we get 



k\ Vl0g(l+t)/ ' ' fe V 

By comparing the coefficients on the both sides of (I2.50p . we get 

(2.51) 

Therefore, by p.5ip . we obtain the following corohary. 
Corollary 2.13. For TO,n G N with m<n, we have 

/ \ 71 — m / n—1 W/c+m— 1\ 

D^i-'T^Hl) = nl E ( ^^""fef,,; ^ Bt--^\-n + 1). 
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Let us consider the following associated sequence: 
Then, by (fri2|) and (|232l) . we get 



S^x) = X ( ^^^^ ) x-'x- = x(l + t)-^-x-~' 



X 



n— 1 / n— 1 / 

(=0 ^ ^ (=0 ^ 



For n > 1, from p.l6p and p.52p . we have 



V -1^ . ^ 



log(l + 1) 

71 

fc! 



^fc=0 



By and (P3i)) . we get 

n-l ArC-")/ \ " / \ 

M^) = ^ E ' fc, E L _ J (" - 

fc=o ' ;=i 



fc=0 ■ l=k+l 

n— 1 n / — an\/l — l 



I 1 M \ n-l)\ k ) Ar(-n)/ \ J-fc 

fe=o;=fc+i ^ 

n — l n — k / —an Wfc+m — 1\ 

= - 1)! E E ffcTi-iv ^ ^"'M^'" 

k=Om=l ^ 
n ( n—m / —an \ f k+rn—l\ ^ 
/ 1M \ ^ J \ ^ \n—k—ml\ k ) a7-(— ")/ \ I m 

= (^-i)'E E ^k + m-iy. ('^"^ r 

n [' n — m / —an W/c+rri- 1\ 

- E E V+l 1). 

Therefore, by (|1.16p and (|2.55p . we obtain the following theorem. 
Theorem 2.14. For TO,n G N with m < n, we have 



^ \ n—m / —an \ /fc+m— 1\ 
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Remarks (I). For n > 1, we have 
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X = X 



I X (pn{x) 



n ( n — rn 

EE 



fc + m — 1 
k 



S2in,k + m)N["'^ } X 



(2.56) 



m=l (. k=0 

By comparing the coefficients on the both sides of (|2.56p . we get 



E 

fc=0 



fc + TO — 1 
fc 



(2.57) 



where 1 < to < n. 

(II). For n> 1, we have 



Ln{-X) = X 



l0g(l + t) 



t 

\ l + t 
n ( n—m 

= E E 

m=l L k=0 

By pTfl) and (1^35)) . we get 

n — 1 \ n\ 
TO — 1/ to! 



X ^(f>n{x) 



fc + TO — 1 



(2.58) 



S2in,k + m)Nl"\n) } x 



E 

fc=0 



fc + TO — 1 
fc 



52(n,fc + m)ivf^(n 



(2.59) 



where 1 < to < n. 

As is known, the Laguerre polynomials of order a are given by Sheffer sequences 
to be 



Thus, by the definition of ShefFer sequence, we get 

fc \ 



(1 + 0- 



t 



t+1 



)=n\6n,k (n,fc> 0). 



By (|2.6ip . we easily see that 

L„(-x) = (1 + 0— - (i, . 

From ([238]) and we have 

(l + t)-"-i4")(-x) = L„(-:r) 



(2.60) 



(2.61) 



(2.62) 



n f 71— m 

EE 

m=l L fe=0 



fc + TO — 1 



S2{n,k + m)N\^\n) \ 



(2.63) 
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Thus, by t^M^ . we get 

L(") (-.) = (1 + I ^2 C ^ r ~ ^ + I 



n ( n n — rn 



(=0 \.m=l k=0 

(2.64) 

It is known that 

1=0 ^ ' 

By (12:641) and ([S^S]) . we get 

n 71 — m 



n + a\n\ M-^M-^/k + m-l\/a + l\ \ATi")t\ 



n — I I l\ ^-^ ^-^ \ k I \m — I 

where < Z < n. 

Finally, we consider the following associated sequences: 

Sn{x) - L -l-)^''" ^ + « ^ 0- (2-66) 

k=i ^ 

Thus, by and (EHH), we get 



log(l + t) 



t 



/V.(")r-„,«.^ . , . (2-67) 

X 



n-l j,j(n), X n 

fc=0 ■ !=0 



K + m — 1 



= E E ; ^)5.(ra^ + ™)Arr'(-an)[x™. 

From (PTTO)) and dSH?]), we have 



n — m 



(n-l)„_™= ^ + ^]52(n,fc + m)7V(")(-an), 



where m, n e N with m < n and a 7^ 
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